We complete and extend the analysis of arXiv:1903.10504 in several directions: we put the 4d theory, arising from the IIA consistent truncation of the universal sector of Calabi-Yau compactification, in a form manifestly consistent with 4d N = 2 supergravity. We go beyond the universal sector and construct the 4d effective action of IIA compactified on Calabi-Yau's with h 1,1 = 1, h 2,1 ≥ 1, in the presence of background flux and fermionic condensates. For ALE gravitational instantons, we show that the putative quartic gravitino condensate is non-negative, as required for the existence of (formal) de Sitter solutions of the 4d theory. We discuss some of the issues in promoting these formal solutions to full-fledged string theory de Sitter solutions. We also extend the Nearly-Kähler consistent truncation of arXiv:1810.06344 to the complete bosonic sector of one vector multiplet and one hypermultiplet.
Introduction
A consistent truncation (CT) of a higher-dimensional theory S is a lower-dimensional theory S ′ with the property that all solutions of S ′ also lift to solutions of S. CT's have been constructed on homogeneous spaces [1, 2, 3, 4, 5, 6] , using a variety of different approaches: left-invariant forms on cosets [7, 8, 9, 10, 11] , G-structures [12, 13, 14, 15, 16, 17] , double field theory and exceptional generalized geometry [18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29] .
In [30, 31] we initiated the study of CT's in the presence of fermionic condensates. As we review in the following, this approach offers a way to fix the dependence of the condensates on the moduli of the theory. This can be interesting for scenarios where such condensates play an important role, notably in potentially generating a positive cosmological constant.
In [30] we constructed a universal CT on Nearly-Kähler (NK) manifolds in the presence of dilatino condensates. "Universal" means that the CT is valid for any NK manifold, independently of whether it is homogeneous, or whether it admits a coset description. 1 CT's on homogeneous NK manifolds have been constructed before (in the absence of condensates), relying on the coset description of these spaces [13] . Moreover, a universal reduction on NK spaces leading to fourdimensional N = 2 gauged supergravity, has been performed in [35] , but without a proof of consistency. 2 In the case where the NK manifold is topologically an S 6 , the consistency of [35] was shown in [45] .
In [31] we constructed a universal CT of IIA compactified on Calabi-Yau (CY) manifolds, in the presence of background flux and gravitino condensates, comprising the gravity multiplet, one vectormultiplet, and one hypermultiplet. The effective 4d action resulting from type II compactification on CY manifolds has been constructed before both in the absence [46, 47] and in the presence of background flux [48] , and the consistency of the resulting 4d theory with (gauged) N = 2 supergravity has been established [49, 50, 51, 52] . Beyond the universal sector, these 4d effective actions may not be CT's in general.
In the present paper we complete and extend the analysis of [30, 31] in several directions. In section 2 we put the 4d theory, arising from the IIA consistent truncation of the universal sector of Calabi-Yau compactification, in a form manifestly consistent with 4d N = 2 supergravity. In section 3 we go beyond the universal sector and construct the 4d effective action of IIA compactified on Calabi-Yau's with h 1,1 = 1, h 2,1 ≥ 1, in the presence of background flux and fermionic condensates. The 4d actions thus derived are valid for generic gravitino condensates arising from gravitational instanton backgrounds with positive-chirality 4d zero modes. Specializing to the case of ALE gravitational instantons, in section 4 we show that the putative quartic gravitino condensate is non-negative, as required for the existence of (formal) de Sitter solutions of the 4d theory [31] . 1 There exist four homogeneous compact NK six-manifolds: S 6 , S 3 × S 3 , CP 3 and F 1,2 [32] , and these were until recently the only known compact NK six-manifolds. In [33] two non-homogenous examples were constructed, and it is has been argued that many more should exist [34] . 2 The author of [35] follows the approach of [36, 37, 38, 39, 40, 41] , whereby one postulates the existence of a certain finite set of forms on the internal manifold, and constructs a reduction ansatz based on these forms. Inserting the ansatz in the higher-dimensional action and integrating over the internal directions can then be shown to result in a lowerdimensional gauged supergravity. In general, this procedure is not guaranteed to lead to a CT [41, 42] . In addition to showing the compatibility of the reduction with gauged supergravity, [35] proves that certain supersymmetric solutions of the 4d theory uplift to a well-known class of solutions [43, 44] of the 10d theory.
We discuss some of the issues in promoting these formal solutions to full-fledged string theory de Sitter solutions in section 6. In section 5 we also extend the Nearly-Kähler consistent truncation of [30] to the complete bosonic sector of one vector multiplet and one hypermultiplet.
CY universal truncation
Let us recall the consistent truncation of [31] : it is obtained from massless IIA supergravity by the following form ansatz, cf. appendices A, B for our conventions,
where α, γ are 4d one-forms; β is a 4d two-form dual to a scalar b (see (2.7) below for the precise relation); ϕ, χ, ξ , ξ ′ are 4d scalars (of these ϕ turns out to be auxiliary and will be eliminated by its equations of motion); c 0 ∈ R and b 0 ∈ C are background fluxes; J and Ω are the CY Kähler form and holomorphic three-form respectively. The covariant derivatives are defined as follows,
The expressions for the forms F, H, G above are such that the 10d Bianchi identities (B.7) are automatically satisfied for vanishing mass. The ansatz for the metric reads, ds 2
where A is a scalar depending only on the 4d coordinates x µ . The 4d field content corresponds to the bosonic sector of N = 2, 4d supergravity with a gravity multiplet (g µν , α), one vector multiplet (γ, A, χ), and one hypermultiplet (φ , b, ξ , ξ ′ ). 3 The ansatz is supplemented by 4d gravitino condensates arising potentially from gravitational instantons supporting spin-3/2 zero modes. We start from the following 10d gravitino truncation,
4)
where we have Wick-rotated to Euclidean signature; η is the (normalized) covariantly-constant spinor associated with the CY metric g mn ; the 4d gravitini ψ µ+ , ψ ′ µ+ are assumed to have positive chirality, as e.g. in the case of ALE gravitational instantons. They are not dynamical: they should be thought of as zero modes of the Dirac operator in the background of the gravitational instanton. The condensates are then expressed in terms of two "parameters" A , B corresponding to the quadratic and quartic condensates respectively, 4
(2.5) 3 More precisely, the N = 2 multiplets should be expressed in terms of volume modulus v, the 4d dilatonφ and the vector-multiplet vectorγ, cf. section 2.1. 4 Note however that A , B have a 4d metric dependence, due to the contractions between vector indices of the gravitini.
We emphasize that these expressions are valid for all gravitational instantons with positive-chirality gravitino zero modes: they are not limited to ALE gravitational instantons.
As was shown in [31] , substituting the truncation ansatz (2.1)-(2.5) into the 10d equations of motion of appendix B, results in a set of 4d equations, all of which are derivable from a single 4d action, thereby proving the consistency of the truncation. The 4d action is given by,
6) where we have dualized the two-form β to a scalar b, the "axion", via the relation,
The potential of the theory is given by,
(2.8)
Note that for c 0 = 0, (2.6)-(2.8) are invariant under the shift,
where e 0 is an arbitrary real constant. Interestingly, setting the background flux b 0 , c 0 to zero after performing the shift (2.9), still results in a gauged theory provided e 0 = 0 [48] .
Euclidean signature
Instantons are solutions of the action in Euclidean signature. However, as is well-known, the operation of dualization does not commute with Wick rotation [53] . Starting from the Euclidean action in terms of the two-from β and then dualizing to the axion b, one obtains an action which differs form (2.6) in the sign of the kinetic term for b.
Comparison with N = 2, 4d supergravity
Let us introduce a complex scalar t and the real scalars v,φ defined as follows,
(2.10)
As we will see in the following v andφ will be identified with the volume modulus and the 4d dilaton respectively. Moreover we introduce a new vectorγ and its field-strength,
so that dγ − α∧dχ =F + χF , where F := dα. In terms of the new fields, the action (2.6) reads,
where we have introduced the vector-multiplet Kähler potential,
It can be verified that the action (2.12) is of the form of N = 2 supergravity, cf. (C.11). To see this, first note that there is only one complexified Kähler modulus, so that I = 0, 1 in the formulae of Appendix C. Accordingly we may drop the i-index in (C.1), so that the t i variable therein is identified with the t of (2.13). We may choose the unique harmonic (1,1)-form on the CY so that the triple intersection is normalized to K i jk = 6, cf. (C.2). Taking (2.10) into account, we then find K = v 3 , so that (C.3) precisely reduces to (2.13) , and the vector-multiplet scalar kinetic terms of (C.11) reduce to those of (2.12). Moreover, taking (2.10) into account, eq. (C.4) gives,
Substituting in eq. (C.11) then reproduces precisely the gauge kinetic and Chern-Simons terms in (2.12), provided we identify α,γ with A I=0 , A I=1 respectively. The corresponding Killing vectors can then be read off by comparing (2.2), (2.7) with (C.13),
where the q u coordinates are identified withφ , b, ξ , ξ ′ , and we took into account that there is only one hypermultiplet: n H = 1, so that u = 1, . . . , 4. To compare with the quaternionic metric (C.12) first note that there are no complex structure deformations, so that the z a 's are absent in our case, and the hypermultiplet indices take on a single value, A, B = 0. The periods are then calculated from G = − i 2 (Z 0 ) 2 , evaluated at Z 0 = 1, so that Ω = α + iβ in terms of the basis in (C.5). This then gives M AB = −i, and (C.12) precisely reduces to the kineticφ , b, ξ , ξ ′ terms in (2.12) . Finally, to show that the potential (2.8) is of the from given in (C.14), we compute,
and,
(2.17)
Moreover, taking (C.15) into account, (2.15), (C.16) imply, 3. CY compactification with h 1,1 = 1, h 2,1 ≥ 1
We will now extend the universal sector truncation of section 2, to include an arbitrary number of hypermultiplets. In order to obtain the 4d theory we will simply insert the new ansatz, eqs. (3.1), (3.2), (3.8) below, into the 10d action, keeping up to and including quadratic terms in the fluctuations. This is the standard procedure in the literature when it comes to CY compactification: it should lead to a low-energy effective action, but not necessarily to a consistent truncation [41, 42] . Nevertheless we will see that it does satisfy certain consistency requirements: (a) the resulting 4d Lagrangian contains the consistent truncation of [31] as a subsector, plus terms that depend on the additional hypermultiplet scalars of the present paper; (b) the kinetic terms of the additional hypermultiplet scalars are of the standard form; (c) the resulting Lagrangian can be cast in the form of the bosonic sector of a theory with manifest N = 2, d = 4 supergravity.
The ansatz for the ten-dimensional metric reads,
where the scalar A only depends on the four-dimensional coordinates x µ , but not on the y m coordinates of the CY. Contrary to the consistent truncation ansatz of [31] , the internal CY metric g mn is now allowed to vary as we move along the four-dimensional spacetime. Explicitly we set,
where a = 1, . . . , h 2,1 . The metric is thus expressed as a fluctuation around a fiducial CY metric g mn (y). We may think of the latter as being defined at a pointz a in the (complex) h 2,1 -dimensional space of complex structure moduli M c , while the nearby metric g mn is defined at the pointz a + δ z a . The variations δ z a span the cotangent space of M c at the pointz a , and the fluctuation δ g mn (x, y) is a complex-structure deformation. The Φ a 's, a = 1, . . . , h 2,1 , consitute a basis of harmonic (2,1)forms, with respect to the metric and complex structure at the pointz a . 5 Furthermore we will assume that the volume of the metric g mn is constant, so that the volume modulus of the compactification space is given by the scalar v of (2.10), as in the previous section. The complete moduli space M of the compactification has a direct-product structure:
where M k is the (real) one-dimensional moduli space of Kähler deformations parametrized by the volume modulus. We denote by (J,Ω) the Kähler and holomorphic forms of the fiducial CY, defined at the point z a , while those of the nearby CY, defined at the pointz a + δ z a , will be denoted by (J, Ω). 6 Since the 5 The metric deformation can be viewed as resulting from a variation of the holomorphic top form,
with the induced deformation of complex structure given by,
The associated metric variation, δ g mn = −δ I m q J qn , is then given by (3.2) . Note that the right-hand side of that equation is automatically symmetric in (m, n). 6 In the present paper, to conform with the standard treatment of complex structure deformations, we do not impose a normalization on Ω. Compared to the conventions of [31] :
CY metric g mn is assumed to have fixed volume, and its associated Kähler form does not change under complex structure deformations, we haveJ = J. It can be seen that δ g mn given in (3.2) is a solution to the six-dimensional Ricci-flatness condition R mn (g + δ g) = 0, to linear order in δ z a . Plugging the metric ansatz into the 10d Einstein term we obtain,
where we have taken into account the Ricci-flatness of the six-dimensional metric g mn (x, y);∇ is the connection associated to the 4d metricĝ µν := e −8A(x) g µν . So far equation (3.4) is exact, in that the deformations δ g do not need to be infinitesimal. Moreover the internal metric depends on the 4d spacetime only through the fluctuation, ∂ ν δ g mn = ∂ ν g mn , so that g mn ∂ ν δ g mn = ∂ ν ln g 6 = 0, where in the last equality we took into account that g mn has fixed volume, cf. the discussion below (3.2). Since eq. (3.4) is already quadratic in the fluctuations, we may use the linearized expressions (3.2) for δ g mn . To quadratic order in δ z a , eq. (3.4) then simplifies to,
where we have defined,
and we have used that ∂ µ δ z a = ∂ µ z a . Moreover we have taken (A.7) into account, and introduced the CY volume V 6 := vol 6 which is constant, cf. the discussion below (3.2). Note that as long as we are only keeping quadratic terms in the fluctuations, it does not matter whether we useΩ or Ω in (3.6). However, using Ω leads to a covariant expression with respect to the moduli. Indeed, in accordance with the standard form for the kinetic terms of complex-structure moduli, g ab can be viewed as a metric derived from a Kähler potential, 7
Let us now consider the ansatz for the forms. These are expanded so that the 10d Bianchi identities, eq. (B.7) with zero mass, are automatically satisfied, [54] . Motion in M c is described in terms of the Kähler-covariant derivative:
where D a := ∂ z a + ∂ z a K H . This is consistent with the definition of the Kähler potential in (3.7) as can be seen by wedging both sides of the first equation above withΩ and integrating over the CY. The consistency with (3.6) follows similarly.
where we have expanded on the basis (C.5), and introduced background charges p A , q A ∈ R, following the notation of [48] ; the index A is related to the index a in (3.3) via A = (0, a), so that A = 0, 1, . . . , h 2,1 . The covariant derivatives are given by,
The following expressions are useful,
where the four-dimensional Hodge-star is with respect to the unwarped metric. Moreover, taking (C.9) into account, we compute,
where the contractions on the left-hand sides above are computed with respect to the ten-dimensional metric while the contractions on the right-hand sides are taken with respect to the unwarped metric. Plugging the above expressions into the ten-dimensional action and integrating over the internal directions, we obtain the four-dimensional Lagrangian,
where the potential of the theory is given by,
the gravitino condensates were given in (2.5). The non-dynamical scalar ϕ is constrained by the ten-dimensional G-field equation of motion, cf. (B.6), which implies in particular,
This is consistent with the equations of motion for ϕ coming from (3.12), (3.13),
Plugging the above back into (3.13), we obtain the following expression for the potential,
The ten-dimensional H-field equation of motion, cf. (B.6), implies,
This is consistent with the equation of motion for β coming from (3.12), as can be seen by eliminating ϕ using (3.15). Eq. (3.17) can thus be solved to trade the two-form β for the axion b,
where we have taken (3.9) into account. Using (3.18), we obtain the action in terms of the axion, 
In terms of the fields introduced in (2.10), (2.11), and the Kähler potential (2.13), the action (3.19) takes the following form,
It can be verified that (3.21) is of the form of N = 2 supergravity, given in (C.11). For the vector multiplet sector this was already shown in section 2. For the hypermultiplet sector we proceed as follows: the Killing vectors can be read off by comparing (3.9), (3.20) and (C.13),
where u, v = 1, . . . , 4n H , and the q u coordinates are identified withφ , b, ξ A , ξ ′ A , ℜz a , ℑz a . The hypermultiplet kinetic terms are manifestly of the form dictated by the quaternionic metric (C.12). Finally, to show that the potential (3.16) is of the from given in (C.14), we compute, reproduces precisely the potential given in (3.16) , in the absence of condensates: A = B = 0.
Positivity of the quartic gravitino condensate
On ALE spaces one has the possibility to choose a gauge in which the spin connection is selfdual [55] . Covariantly-constant negative-chirality spinors in this gauge are just constant, and we may choose their basis as follows,
Let us now consider a spin-1 field, i.e. a field transforming in the three-dimensional irreducible representation of the su(2) algebra. This can be represented as a field with two symmetric spinor indices of the same chirality, φ αβ = φ β α (positive chirality) or φ αβ = φ β α (negative chirality). The Atiyah-Patodi-Singer theorem for a spin-1 field on an ALE space predicts that the number of positive-chirality zeromodes of the Dirac operator minus the number of negative-chirality zeromodes is equal to the Hirzebruch signature (τ) of the ALE space. Moreover it can be seen that there are no renormalizable negative-chirality zeromodes. It then follows that there are exactly τ spin-1 zeromodes of positive chirality. By a similar argument as before, on ALE spaces there are exactly 2τ spin-3/2 (gravitino) zeromodes of positive chirality. They can be constructed as follows [56] , 
Indeed if the above were not true, given an arbitrary spin-1 field of positive chirality φ , one could construct a spin-1 field of negative chirality φ ′ , via φ ′γδ = (γ µ ) αγ (γ µ ) β δ φ αβ . This is a contradiction, since the positive-and negative-chirality spin-1 representations transform under the (3, 1) and (1, 3) of so(4) ∼ = su(2) ⊕ su(2), respectively.
In the path-integral over metrics approach, the leading contribution to the quartic-fermion condensate would come from spaces with four gravitino zero modes (τ = 2). To a first approximation in the gravitational coupling, and up to a positive proportionality constant, it is obtained from the quartic terms in (2.5), by replacing each term by its expansion on the basis of zero modes (4.2),
where the sum is over all antisymmetrized permutations of the zero modes [56, 57] .
We will now show that,ψ
which implies that, within the present approximation, the first two terms on the right-hand side of the second line of (2.5) do not contribute to the quartic condensate, leaving as the only contribution the last positive-definite term. Indeed, using the form of the zero modes eq. (4.2) and the symmetry properties (A.9), we find,
Finally one can show that the last term in (2.5) gives,
where we have defined the matrix (M (I) ) α β := C αδ φ (I) δ β , and we have taken into account (4.3), (A.10), (A.11), and the idenititesθ (1) θ (2) = 1,θ (1) θ (1) =θ (2) θ (2) = 0. Expression (4.7) is nonnegative by virtue of the Cauchy-Schwarz inequality.
NK universal consistent truncation
In this section we extend the consistent truncation of [30] to include the vectors α, γ, the two-form β and the additional scalar ξ ′ , to complete the bosonic content of the universal sector of one gravity multiplet, one vector multiplet and one hypermultiplet of N = 2 4d supergravity. 8 Explicitly we set,
where ξ (x), ϕ(x) are real 4d scalars. The covariant derivative is given by,
We have chosen to express H in terms of the 4d potential β instead of the axion. In the massive case, m = 0, the one-form α can be absorbed in ("eaten by") the two-form β via the Stückelberg mechanism. This is however no longer true in the massless limit. In order to be able to treat both massive and massless cases on an equal footing, we keep both α and β in the form ansatz. The massless limit is obtained by simply setting m = 0 in (5.1).
Taking into account that for a NK manifold we have,
the ansatz (5.1) can be seen to automatically satisfy the Bianchi identities (B.7). Our ansatz for the ten-dimensional metric reads, ds 2 (10) = e 2A(x) e 2B(x) g µν dx µ dx ν + g mn dy m dy n , (5.4) where the scalars A, B only depend on the four-dimensional coordinates x µ . This gives,
where the contractions on the left-hand sides above are computed with respect to the ten-dimensional metric; the contractions on the right-hand sides are taken with respect to the unwarped metric. It is also useful to note the following expressions,
where the four-dimensional Hodge-star is taken with respect to the unwarped metric. Plugging the above ansatz into the ten-dimensional EOM (B.4)-(B.6) we obtain the following: the internal (m, n)-components of the Einstein equations read,
(5.7)
The external (µ, ν)-components read, 
(5.9)
The F-form equation of motion reduces to the condition,
(5.10)
The H-form equation reduces to the following two equations, 11) and,
The G-form equation of motion reduces to,
together with the constraint,
The latter can be integrated to solve for ϕ in terms of the other fields,
where C is an arbitrary constant.
Action
Setting B = −4A, it can be seen that the dilaton and Einstein equations (5.7)-(5.9), can all be integrated to the following 4d action, 9
The Chern-Simons terms above, S SC , cannot be determined from (5.7)-(5.9): they must be reconstituted from the form equations of motion -which at the same time impose several additional consistency conditions on the action (5.16) . We thus find that the form equations of motion are consistent with the Chern-Simons term,
(5.17) 9 To obtain (5.16), the value of ϕ, as given in (5.15) , must be substituted in (5.9) before integrating with respect to the dilaton. This action was first obtained in [35] by directly inserting the form ansatz into the 10d IIA theory, a procedure that does not in general lead to a CT. However it was shown that certain susy solutions of the 4d theory uplift to a well-known class of solutions [43, 44] . Ref. [35] also shows that the 4d action is consistent with N = 2 gauged supergravity in its formulation with (massive) tensors [50, 51, 52] .
Dualization
To dualize the antisymmetric two-form potential β to an axion b, which can only be performed in the massless limit (m = 0), we proceed as follows: first note that the second equation in (5.13) can be solved in order to express Dξ ′ in terms of a dual two-formξ ′ ,
Using the above, the last equation in (5.13) can be integrated to, 19) in terms of a dual one-formγ. Eq. (5.10) then integrates to,
where we have also taken (5.15) into account. Substituting (5.18)-(5.20) into (5.12), we obtain the desired dualization condition,
where we introduced the one-form,
Note that the dependence onγ,ξ ′ drops out of the β -dualization expression (5.21) . In terms of the axion, the action reads,
(5.23) One can also make contact with the CY reduction of section 2 in the absence of condensates, by setting,
and then taking the limit of vanishing torsion class: ω → 0. 10
Discussion
One of the motivations of constructing consistent truncations in the presence of condensates, is that it gives us a way of fixing the dependence of the condensates on the moduli. In the case considered here, the quadratic and quartic condensates decompose into a 4d moduli-independent piece (which we denoted by A and B respectively), and a moduli-dependent factor. For example, in the case of IIA compactified on a CY with h 2,1 = 0, the quadratic condensate is constrained by the consistency of the theory to enter the potential in the combination v 3/4 e −3φ /2 B, cf. (2.8), (2.10). I.e. imposing the consistency of the truncation determines the dependence of the condensates on the volume modulus and the 4d dilaton.
It can be easily established that the effective theory of IIA compactified on a CY with h 2,1 ≥ 1 admits formal de Sitter solutions supported by a positive quartic gravitino condensate, just as in [31] . As in that reference, there are flat directions for the axion b and the RR axions ξ A , ξ ′ A , all of which are compact scalars. These solutions require a strictly positive quartic condensate, B > 0, but leave the quadratic condensate A unconstrained. In the presence of four spin-3/2 zero modes, a quartic condensate will be induced at one-loop order in the 4d gravitational coupling.
In the presence of two spin-3/2 zero modes, in which case A = 0, B = 0 at one loop, a positive quartic condensate will plausibly be induced in the effective action at two loops in the gravitational coupling, B ∝ A 2 .
As we have seen in section 4, B is non-negative in the background of ALE gravitational instantons with four spin-3/2 zero modes. However it is not clear whether such a condensate is non-zero. Imposing that the noncompact space should asymptote R 4 at infinity, would exclude ALE gravitational instantons altogether: for the ALE instantons to contribute to the path integral, we must accept spacetimes with non-standard asymptotics. It is not clear whether this can make sense physically, 11 although the fact that the Eguchi-Hanson ALE instanton [58] can be thought of as T-dual to a string theory solution with R 4 asymptotics, would appear to support the admissibility of ALE instantons [59] .
If we allow spacetimes with ALE asymptotics, for the de Sitter solutions of [31] and the present paper to go through, one needs not only non-vanishing condensates, but also non-vanishing background fluxes: |b 0 |, c 0 = 0. However, it has not been shown that ALE instanons can be embedded in a 4d theory with such background fluxes. One way to address both of these issues would be to construct other gravitational instantons with R 4 or AdS 4 asymptotics 12 in the presence of background fluxes. Such backgrounds would have non-vanishing profiles for the matter fields.
A CT may truncate out some of the "light" degrees of freedom. As a result, solutions obtained within the CT may be unstable when uplifted to the higher-dimensional theory. This phenomenon would not occur if the universal CT obtained in section 2 comes from compactification on a CY with h 1,1 = 1, h 2,1 = 0, since in this case all light degrees of freedom are already present in the CT. However, there is no known CY with such Hodge numbers to date, although there is no known theorem precluding its existence either. 13 On the other hand, the effective action of section 3 should adequately capture all light degrees of freedom (at least below the energy scales set by the compactification and the background flux), but need not be a CT. 11 In the case of the Eguchi-Hanson instanton, the discrete identifications are given by (t, x) → −(t, x) at asymptotic infinity. To avoid closed timelike loops, upon Wick-rotation to Lorentzian signature, it would suffice to restrict to t > 0, at the cost of rendering the space incomplete. 12 As already mentioned, our derivation of the 4d action (2.6), (3.12) is valid for condensates induced by any gravitational instantons with 4d gravitino zero modes of positive chirality. In particular our results should also be applicable to the case of K3 instantons glued into asymptotic R 4 , as considered in [60] . 13 Note that such a CY, if it exists, cannot have a mirror.
Naively relying on the 4d effective action, in particular if the uplift is unknown, may lead to miss some crucial physics, see [61] for a recent example. A more important objection states that one should reject altogether solutions of the 4d effective theory, such as de Sitter space, whose asymptotics are drastically different from the ones (flat Minkowski) used in deriving the 10d lowenergy string effective action, see [62] for a recent discussion. In other words, different asymptotic spacetime conditions should correspond to different quantum gravity models, and there is no a priori justification to using the low-energy effective action to extrapolate from one set of asymptotics to another. If this is true, string theory would currently have little to say about spacetimes with asymptotics other than flat or AdS space.
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A. Conventions
We are following the "superspace conventions" where all forms are given by,
The Hodge star of a p-form in d dimensions is given by,
so that for any spacetime signature,
where we have defined, vol d := ⋆1 ;
The following expressions are also useful,
where the Hodge star is with respect to the metric of the internal six-dimensional manifold. In the case of a CY, Ω, Φ are harmonic, so their norms are constant (independent of the CY coordinates). From (A.6) it then follows,
where V 6 := vol 6 is constant, cf. the discussion below (3.2). Our spinor conventions are as in [31] . A Euclidean 4d Weyl spinor of positive, negative chirality is indicated with a lower, upper spinor index respectively: θ α , χ α , i.e. the position indicates the chirality. The 4d gamma matrices, the charge conjugation and chirality matrices are decomposed into chiral blocks,
The (C −1 γ µ 1 ...µ n )'s possess the following symmetry properties,
The Fierz relation for two positive-chirality 4d spinors reads,
with a similar relation for negative-chirality spinors, and we have definedθ := θ Tr C −1 . Let us also mention that for any two 4d positive-chirality traceless vector-spinors, θ
B. The 10d theory
In the conventions of [30] , upon setting the dilatino to zero, the IIA action reads,
where Ψ M is the gravitino; S b denotes the bosonic sector,
and S CS is the Chern-Simons term, which in the massless limit is simplifies to,
L Ψ 4 in (B.1) denotes the 24 quartic gravitino terms given in [63] . Of these only four can have a nonvanishing VEV in a gravitational instanton background with positive-chirality 4d zero modes, resulting in the expression given in (2.5).
We emphasize that the action (B.1) should be regarded as a book-keeping device whose variation with respect to the bosonic fields gives the correct bosonic equations of motion in the presence of gravitino condensates. Furthermore, the fermionic equations of motion are trivially satisfied in the maximally-symmetric vacuum. The (bosonic) equations of motion (EOM) following from (B.1) are as follows:
Dilaton EOM,
Einstein EOM,
where we have set:
..M p , for any p-form Φ. In the Einstein equation above we have not included the gravitino couplings to the two-and three-forms, which vanish in the background given by (2.4) . Form EOM's, C. Gauged N = 2, 4d supergravity Massless IIA compactification with background fluxes on a CY, Y , with Hodge numbers (h 1,1 , h 2,1 ), results in gauged N = 2 supergravity with n V = h 1,1 vector multiplets and n H = h 2,1 + 1 hypermultiplets. The vector multiplets contain n V complex scalars t i , i = 1, . . . , n V , arising from the expansion of the complexified Kähler form,
on a basis {ω i } of real harmonic (1,1)-forms of the CY. Let us introduce the following definitions,
The associated Kähler potential is then given by,
We will also need the symmetric matrix N IJ , I, J = 0, 1, . . . , n V , whose components can be expressed as follows,
(C.4)
In order to describe the hypermultiplets it is useful to introduce a real basis {α A , β B } of harmonic three-forms on Y normalized as follows,
for A, B = 0, 1, . . . , h 2,1 . The periods of Ω are then given by,
where G A = ∂ G /∂ Z A , with G (Z) a holomorphic, homogeneous, degree-two function of the projective coordinates Z A . The complex structure deformations are parameterized by the affine coordinates z a = Z a /Z 0 , with a = 1, . . . , h 2,1 . This is equivalent to setting Z A = (1, z a ). The metric on the space of complex structure deformations g ab = ∂ z a ∂¯zbK H is associated with the Kähler potential,
We will also need to define the symmetric matrix M ,
where G AB := ∂ 2 G /∂ Z A ∂ Z B .
The matrix M AB can be used to express the Hodge dual of the three-form basis,
where A A B , B AB , C AB are given by, A = ℜM · ℑM −1 ; B = −ℑM − ℜM · ℑM −1 · ℜM ; C = ℑM −1 , (C.10) and we have used matrix notation. We shall be interested in the bosonic sector of N = 2 supergravity with n V ungauged vector multiplets and n H gauged hypermultiplets, where the X I are holomorphic functions of the complexified Kähler coordinates, and may be chosen as X I = (1,t i ). The prepotentials P I is given as follows: the metric h uv is quaternionic and possesses an associated SU (2) connection ω = (ω 1 , ω 2 , ω 3 ),
where the ellipses denote the directions along dz a . We then have [49] ,
